
156 J. AIRCRAFT VOL. 5, NO. 2

Leakage Flowrate past Pistons of Oil Hydraulic
System Components
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The present paper describes the development and use of a relatively simple leakage equation
that takes into account the diametral changes of the clearance passage due to the axial pres-
sure drop, and the variation in the oil viscosity during leakage flow due to both the pressure
drop arid the consequent rise in temperature of the oil. Diametral strain relationships for
thick-wall cylinders are utilized to calculate a mean effective clearance for use in the basic-form
leakage equation. Nondimensional plots from which diametral strains may be assessed
for a wide range of diameters, wall thicknesses, pressures, and materials are included. A
simple but fundamentally sound method is given for calculating a mean effective viscosity
of the oil during leakage flow through a clearance passage. The method accounts for the
effect of pressure and pressure drop on viscosity, together with the effect of temperature rise
due to flow. The effectiveness of the proposed leakage flowrate equation is demonstrated by
experimental results obtained with pistons having diametral clearances in the range 3 to 20 X
1C"4 in.

Introduction

CALCULATION of the leakage flowrate past the piston
lands of oil hydraulic system pumps, motors, spool, or

other piston-type valves is an important requirement when
assessing the quality or performance of such components.
The need for accurate leakage calculations increases with the
high-pressure, high-precision components used in modern air-
craft and spacecraft control systems. It is readily shown
that the well-known basic equation for flow in annular clear-
ances is seriously erroneous where high axial pressure drops
exist across a piston land. Some designers develop empirical
leakage formulas that are satisfactory for certain clearances
particular oils, and particular pressure and temperature
ranges.

The leakage flowrate through the annular running clearance
between the piston and bore of an oil hydraulic pump, motor,
or valve is usually calculated with an equation of the form
(Fig. I)/

Qx = (13.55 X 1.5e2) in.3/min (1)

wrhere piston diameter and land length D and L, respectively,
are in inches; diametral clearance C is in 10 ~4 in.; viscosity
JLI is in centipoises (CP) ; pressure drop P' is in psi; e = 2e/C
is the eccentricity ratio describing the radial position of the
piston in the bore; and e is the radial displacement of the
piston and bore axes, 10 ~4 in.

Equation (1) applies only to configurations where the piston
and bore axes remain parallel. However, the two parallel axes
cases e = 0 (piston concentric with bore) and e = 1 (piston
fully eccentric against bore) provide the limiting cases of
minimum and maximum leakage flowrate. Equation (1)
gives reasonable results if it can be assumed that diametral
clearance C is unaffected by pressure, if the axial pressure drop

Received June 19, 1967; revision received October 13, 1967.
The authors wish to acknowledge that the work described origi-
nated in a research program in the School of Mechanical Engi-
neering, University of Salford, England.

* Associate Professor, Weapons Department.
f Chief Hydraulics Designer. Associate Fellow AIAA.

along the piston land can be assumed to be linear, and if oil
viscosity JJL can be considered as constant during leakage.

It is readily shown that Eq. (1) is inadequate if the pressure
drop involved is sufficiently high that both clearance and
viscosity are affected by it. The present paper describes
readily applied methods for calculating a mean effective
clearance, and a mean effective viscosity, which can render
Eq. (1) effective for large pressure drop situations. The
leakage equation becomes

Qx = (13.55 X 1.5e2) in.8/min (2)

where /xe is the mean effective viscosity of the oil during leak-
age flow, centipoise; and Ce is the mean effective diametral
clearance, 10~4 in.; with Z), P', L and e as defined with Eq.
(1). Both jjLe and Ce are functions of pressure drop.

Mean Effective Clearance

Pressure inside a cylinder acts to increase the bore di-
ameter. External pressure on a piston acts to decrease its
diameter. Hence, pressure acts to increase the clearance be-
tween a piston and its bore. Well-known thick-wall cylinder
strain relationships2 can be used to develop the following ex-
pressions for change in the diametral clearance due to a con-
stant pressure in the clearance:

where

M = E

AC = MP

2(A,/Z))2 -

(3)

(A,/Z»2 + (A-/Z))2 -

if the piston and cylinder are of the same material;

-i[S^+']
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if the piston and cylinder are of the same material, and the
piston is solid (Dt- = 0);

M = D\ — •+ 1
- 1 c) +

1 /I + (Di/D)* \ \ ^^
EP (l - (DM* ~ *P) ' (3C)

if the piston and cylinder are of different materials;

if the piston and cylinder are of different materials, and the
piston is solid (D; = 0).

Diameters D0, D*, and D are defined on Fig. 2. E and fl-
are the modulus of elasticity and the Poisson ratio, respec-
tively, for the piston (Ep, dp) and cylinder (Ec, <rc) materials.
M is a constant for a particular piston and cylinder. Figure 2
shows useful nondimensional curves from which diametral
strains due to pressure, AD and AC, can be found for a wide
range of materials, pressures, and physical configurations.
Expressions (3) and Fig. 2 are applicable to uniform cylinders
and pistons where end conditions are negligible.

In practice, pressure decreases along the clearance annulus
from supply pressure at the leading end of the piston land to
discharge pressure (often atmospheric). The shape of the
pressure drop curve is dependent on the actual shape of the
clearance space under operating conditions. The shape of the
clearance passage can be affected by the attitude of the piston
in the bore, by the strains induced in the components by pres-
sure, and by temperature effects on the dimensions of the
passage. The simplest model that can be assumed is that
1) the pressure drop along the piston land is linear and 2) the
clearance annulus expands linearly according to Eq. (3) to
correspond with the linear pressure drop, as illustrated on
Fig. 3a.

This assumption is inadequate for the precise calculations of
pressure distribution required for estimating lateral forces on
the piston, or for the calculation of elastic deformations of the
cylinder required to estimate the stresses in the cylinder.
However, experimental measurements made over a wide range
of clearance, reported later in this paper, show that this
simple model is good for leakage flowrate calculations.

It can be shown that flow rate per unit width through a
straight-sided convergently tapered passage of small depth
(Fig. 3b) is given by

12/xL hi 12/zL 'he' (4)

Fig. 2 Nondimensional curves for assessing the diametral
strain of thick-wall cylinders due to internal and external

pressures.

where hi and hi are the depths of the passage at inlet and dis-
charge respectively; and he = [2hizhz2/(hi + /^2)]1 / 3 is the
mean effective clearance. Using the proposed linear expan-
sion model, this concept can be extended to the annular
clearance of Fig. 3a to yield

^ = [
" e l

2(C
(C

(5)

where C + MP\ corresponds to hi, C + HP2 corresponds to
hz, and M is calculated from Eq. (3).

Equation (5) provides the mean effective clearance Ce to be
used in Eq. (2). It should be kept in mind that use of the
eccentricity factor (e) requires that the piston and cylinder
bore axes remain parallel. To illustrate the importance of the
correction, consider the following example: D = 0.5 in., DQ
= 1.5 in., C = 3 X 10"4 in., supply pressure Pl = 5000
lb/in.2, and discharge pressure P2 is 0, so that P = 5000
lb/in.2, E = 30 X 106 lb/in.2, DL = 0, Ep = Ec, and vp = ac.

concentricity,
e - 9, 6- 0

full eccentricity,

e -^ , €- 1

Fig. 1 Piston-cylinder configuration.

Fig. 3a Convergently tapered
clearance.

Fig. 3b Convergently tapered
passage.

PI- = p

• / ; / * / /
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Pressure

Fig. 4 Mean effective viscosity from viscosity-pressure
drop curve.

At the high-pressure end of the piston, clearance is

0.5C + AC - C + MPi = 3 +30 X 106

= (3 + 1-875) X 10~4 - 4.875 X 10~4 in.

At the discharge end of the piston, clearance is C = 3 X 10 ~4

in.;

F2 X 4.8752 X 32]1

I 4.875 + 3 J X = 3.795 X 10-4in.

Now (Ce/Cy = (3.795/3)3 - 2, which shows that the cal-
culated flowrate when the allowance is made for pressure ef-
fects on the clearance is twice that obtained if this effect is
ignored. In general, the smaller the nominal clearance, the
more significant is the effect of pressure expansion of the
clearance on the flowrate.

Mean Effective Viscosity

The viscosity of mineral oils is affected by both temperature
and pressure. Viscosity decreases as temperature increases,
and increases as pressure increases. For the present type of
clearance flow, pressure drops along the piston land from
supply pressure to discharge pressure, while oil temperature
rises due to viscous shear. The mode of viscosity change
during flow is complex and requires knowledge of both pres-
sure and temperature distributions in the clearance passage.

Effect of Flow on Oil Temperature

The power loss due to leakage flow is PQX Ib in./min.
Assuming that all of the lost energy is absorbed into heating
the oil, and taking into account the Joule-Thomson cooling
effect which accompanies the change in internal energy of the
oil due to isenthalpic expansion, the temperature rise in the
oil due to pressure drop P during flow is3

T = (6)

where'Cp is the specific heat at constant pressure of the oil, w is
the specific weight of the oil, m is the work-heat conversion
factor, v is the specific volume of the oil, [(<dv/v)/dT]P is the
thermal coefficient of volumetric expansion of the oil at con-
stant pressure.

It is of interest that Eq. (6) is independent of the geometri-
cal dimensions of the components forming the flow passage.
The piston and cylinder will be good conductors of heat, and
some of the heat generated by the pressure drop and flow of the
oil will pass through these components. Normally, the tem-
perature rise in the oil will be less than is indicated by Eq. (6).

However, Eq. (6) gives a useful upper limit to the degree of
heating of the oil during leakage.

Example

The relevant data on Shell Tellus 27 nonadditive-type in-
dustrial hydraulic oil is: viscosity = 55 CP at 80° F; specific
weight = 0.0314 lb/in.3 at 80° F;" specific heat = 0.5 Btu/lb
°F in the pressure range 0-5000 lb/in.2 and temperature
range 60°-100°F; coefficient of expansion [$v/v)/dT]P =
3.75 X 10-4/°F in the pressure range 0-5000 lb/in2 and tem-
perature range 60-100° F; m = 9.35 X 103 Ib in./Btu. For
this oil, Eq. (6) yields

T = [P/(0.5 X 0.0314 X 9.35 X 103)] X
[1 - 540 X 3.75 X 10~4]

= 5.5X10~3P°F or 5.5 °F per 1000
lb/in.2 pressure drop (6a)

It is of interest that inclusion of the T[(dv/v)/dT]p term in
Eq. (6) reduces the calculated temperature rise by 20% in the
present instance.

For the leakage experiments reported later in this paper,
both the supply oil and the ambient temperature in the
vicinity of the rig were maintained at 75° F. It was found
that the temperature of the oil rose during leakage according
to the relationship

T = 3.5 X 10~3 P °F (6b)
Thus, about 36% of the heat generated in the oil during ex-
pansion was transferred to the piston and cylinder com-
ponents in this case.

Effect of Flow on Oil Viscosity

The following method for evaluating a mean effective vis-
cosity for use in flow calculations allows for changes in
viscosity during flow. For a particular piston-to-cylinder
configuration, Eq. (1) can be written

Qx = K/»'dp/dx (7)

where K = (?rD(73/96) (1 + 1.5e2) describes the configuration,
and dp/dx is the slope of the axial pressure drop. For easy
application, a form

is required, where jue is the mean effective viscosity of the oil
during leakage flow. From (7), Qxdx = K(\/^)'dp, and
integrating,

and

where

Now,

KP 1 f PI 1 7 KP
Q* = -T'^P IP ^'dp = 77L r J P2 fJL fJLeL

— = — CPl —
»e ~ P JP2 fj.'

(9)

(10)

represents the mean ordinate of a plot of I//* against pres-
sure, as shown in Fig. 4. Hence, the mean effective viscosity
during flow past a piston can be calculated if the viscosity-
pressure drop data is available.
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1000 20OO 30OO 4000 5000 6000
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Fig. 5 Temperature-pressure-viscosity data for Shell
Tellus 27 nonadditive mineral oil for hydraulic systems.

To Obtain Mean Effective Viscosity

1) The viscosity-pressure-temperature data for the oil used
must be obtained. Figure 5 shows such data for Shell Tellus
27 oil.

2) The known pressure and temperature of the oil at the
pressure end of the piston is used to obtain the initial viscosity
(MI at PI, TI) of the oil.

3) For a discrete portion (Pi — p) of the total pressure drop
(P = Pi — Pz) along the piston, the temperature rise in the
oil due to the leakage flow can be obtained from Eq. (6), modi-
fied if necessary to account for heat transfer through the
components. Thus, the temperature and pressure at the
point considered is known and the viscosity can be obtained
from the oil data.

4) Repeat (3) for a series of pressure drops to cover the full
pressure drop Pi — Pz, getting the viscosity of the oil at
various pressures in the pressure range.

5) Plot l//z against P, and obtain the mean ordinate of the
curve to yield I/Me and hence ^e.

Example

Consider the oil whose pressure-temperature-viscosity
characteristics are given on Fig. 5, and a leakage condition
where PI = 4000 psi, P2 = 0 psi, TI = 77°F, and heat
transfer through the components is negligible so that Eq. (6b)
is applicable. Table 1 shows the temperature and the vis-
cosity of the oil at pressure drop increments of 800 psi. Figure
6 shows a plot of l//z against pressure in the clearance. The
area under the curve can be measured and the mean ordinate
calculated from

area under curve
length of curve along the pressure axis

to give a mean effective viscosity of jue — 52.5 CP.
It might be noted that jue is approximately equal to the

value of viscosity at zero pressure and inlet temperature.
This empirical approximation is useful with straight mineral
oils for relatively low pressure and restricted temperature
situations. However, the method presented here is funda-
mentally sound and is applicable to all fluids, pressure ranges,
and temperatures. The mean effective viscosity fj,e, esti-
mated with the foregoing procedures, is used in Eq. (2).

Table 1 Viscosity variation during leakage flowa

Pressure, lb/in.2 P1 = 4000 3200 2400 1600 800 P2 =
Temperature, °F T\ = 77 81.4 85.8 90.2 94.6 99
Viscosity, CP 96 76.5 60 49 38.5 31

a Viscosity at Pi = 0 lb/in.2 and TI = 77°F. is 54 CP

0.02 - •

I
Mcp

-4- -f-
4,000 3,200 2,400 1,600 800 0

Pressure, Ib/ln2

Fig. 6 Variation of 1/ju along a clearance passage.

Experimental Varification of Leakage Equation

Leakage flowrate measurements were made on an experi-
mental rig assembled for hydraulic lock experiments.^
Briefly, the test feature was a pair of single-land pistons set
back-to-back against a common reaction member. Oil in the
system was cleaned by continuous circulation through fine
filters. The level of cleanliness attained was such that no
measurable decrease in flowrate (due to silting in the clearance)
would be observed when leakage measurements \vere made
over periods of up to 1 hr at constant applied pressure and
with the pistons stationary. Piston land length and diameter
were 1 in. and 0.5 in., respectively. Pistons having different
clearances could be fitted to the bores. The magnitude of the
hydraulic lock present during the leakage rate tests indicated
that the pistons lay against the bore, very close to the parallel
axes condition e = 1, throughout the tests.

p is pressure at point considered
P Is pressure drop along piston

0.6 0.4
p/P

0.2

Fig. 7 Calculated viscosity distribution during leakage at
several pressure drops (Shell T27 oil).

t The subject of a paper accepted for publication in the Pro-
ceedings of the Institution of Mechanical Engineers, London.



160 P. DRANSFIELD AND D. M. BRUCE J. AIRCRAFT

Table 2 Effective viscosity and clearance at various
pressure dropsa

Pressure drop along piston land, lb/in.2

Calculated values of effective -————————————————————————————
viscosity ne and clearance Ce 500 1000 2000 3000 4000 5000

P, lb/in

Fig. 8. Experimental (data points) and calculated (lines)
leakage flowrates. Piston length = 1 in., diameter = 0.5 in.

Figure 7 shows the calculated viscosity-pressure drop data
for several pressure drops. Equation (6b) was used for cal-
culating temperature rises. The mean ordinate for each curve
was taken and used to obtain the mean effect viscosities,
which are given in Table 2. The results show that the mean
effective viscosity increases somewhat with pressure drop, and
that the range of viscosity occurring during leakage flow in-
creases sharply with increasing pressure drop.

The effective clearance between piston and bore at each
pressure drop was calculated for each of the three clearances
used in the experiments, using Eq. (5). As the discharge
pressure was zero, Eq. (5) reduced to

C = 2CZ(C + MP)2/(2C + MP)
M was calculated from Eq. (3b) using D = 0.5 in., D0 = 1.5

He, all clearances
CP

Ce
10-4in.

C =
C =
C =

3.6
8.4
16.1

X
X
X

10~4

10~4

10~4

in.
in.
in.

57.5

3.7
8.5

16.2

58

3.82
8.6

16.3

59

3.96
8.78

16.52

59.5

4.12
9.0

16.7

59.5

4.26
9.12

16.88

60

4.4
9.2

17.1

a Viscosity at P = 0, T = 75°F is 56.5 CP.

in., and E = 30 X 106 lb/in.2 Values of Ce are shown in
Table 2.

The data points of Fig. 8 are measured flowrates for the
three diametral clearances. The lines shown are the flowrates
calculated from Eq. (2) for the condition e = 1. The good
agreement obtained for the wide range of clearances used indi-
cates the effectiveness of Eq. (2). The leakage measurements
presented are confined to the pressure drop regions in which
it was known that the pistons were in contact with the bore,
and the piston and bore axes were close to being parallel.

Conclusion
1) The basic equation for leakage flowrate through the

clearance passage between piston-cylinder components [Eq,
(1)] can be modified to include allowances for the effect of
pressure on both the dimensions of the clearance, and on the
viscosity of the oil during flow [Eq. (2) ].

2) The basic flow relationship gives erroneous results for
situations of high pressure drop and fine clearance if these
allowances are not made.

3) A mean effective clearance can be calculated on the
basis of the radial strain on the piston and bore due to pres-
sure [Eq. (5)].

4) A mean effective viscosity can be assessed fundamentally
by calculating the temperature rise in the oil which ac-
companies the pressure drop across the leakage path [Eq. (6),
modified if necessary to account for heat transfer from the oil
to the piston and cylinder components], and using the tem-
perature-pressure-viscosity data for the oil in the manner de-
scribed by Eq. (10) and illustrated in Fig. 4.

5) Experimental measurements made with pistons having
a wide range of diametral clearance (3 X 10 ~4 to 16 X 10 ~~4

in.) confirm the validity of Eq. (2).
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